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PHYS301 - Thermodynamics and Statistical Mechanics Homework 8

Problem 1 [12 points]

Consider a Van der Waals monoatomic gas of N particles of mass m in a volume V and at
temperature T'. Its equation of state is given by

(P + NV—?) (V — Nb) = NkgT (1)

where a, b are constants that depend on the nature of the gas.

a) Show that the entropy of this gas is given by

V_Nb) 5
m<7gr>+4 ®
h
V2mmkgT

b) Show that the average energy of this gas is

S = Nkp

where

Ao =

3 NZ2%a
(B) = SNksT - 20 (1)

c) Consider the isotherms (curves of constant 7" in a P vs V plane) of the Van der Waals
equation of state. There is a critical temperature T at which

oP 0?P

8V T=T, ’ aVZ T=T., ( )
Compute T, as well as the corresponding pressure P. and volume V..

d) Rewrite the van der Waals equation of state in terms of the dimensionless variables
t=—, p=—, v=— (6)

Note how the constants a, b disappear. In terms of these new variables, all gases look the
same. This is known as the law of corresponding states.

e) Compute the so-called universal compressibility ratio

A
NEkgT. (M)

for the van der Waals gas. Experimental values for real gases range from around 0.28 to
0.3. How does the van der Waals prediction compare with these numbers?
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a) Let’s start by recalling the total partition function

N N
Ztot(Na‘/aT)%Zideal (1+W/d3rf(r)+...) (8)
Where the ideal gas partition function is
VN
Zideal - N_')\?QN (9)

and the integral is related to the second viral coefficient, which we found to be:

1
Bo(T)=—= | &rf(r

a
kgT

=b

With this in mind, the total partition function follows

%

(17 ()

o (1422 0))
— Zideal Vv k?BT

Which allows us to compute the Helmholtz Free Energy(]

N N
Zyvaw = Zideal (1 — —32(T))

Foaw = —kpT'In Z,qw
N a
= —kTIn(Z — kT N1 1+ — -
k n( 1deal) kB n( + Vv (]{ZBT b)) (12)

N a
== ideal — TNI 1 - —
o =Nl (143 (57 0) )

Which is expected: As a,b — 0, we should recover the ideal gas results. The entropy is then
computed directly as

OF,
SvdW = - ( dw)
\%

oT

o aF’ideal 0 N a

- (57, + (gm0 (557 -2))),
(v 5] 0 N[ a

= Nkpg IH(N—)%)+§ +kBN3_TT1n<1+V(kB_T_b))

[ %4 5_ a a 1
= Nkp |In | — | + 2| + kN | - 1+ (-2 —p)—
b n(mg))JrQ he ( a+kBT(%—b)+n{ +(kBT )V/ND

1Here I left Zigea symbolic since we know what its entropy and energy are.
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Let’s now take the V/N > 1 limit, so that

v\ s Na a N
~ Nkg |1 N A 14
Svaw ~ Nk [n (N)\?’ ) T Tk ( KTV (kBT b) V) (14)

Where we use the fact that In(1+ x) ~ z when x < 1. We see that the terms with a will cancel
each other out, and we are left with:

[ 1% 5
Seaw ~ Nk |In (zw»)

N2
— kBVb

A% 5] N
A% 5] N
~ — — - = !
Nkp ln<N)\?é>+2 +1n<1 Vb)) 0 (15)
A% N 5

V — Nb 5
— Nkp |1 2
kg n()\%N>+2

Where in Eq. (!) we use the fact that In(1 — x) ~ —z for small = (in reverse).

b) Similar to part (a), we compute (E) from definition:

(Buaw) = —%m Zuaw)

0 0 Al
=~ Ziqeal) — N@1“<HV(1<:B_T_I)>)

SNkpT — Naaﬁ (1 + % (a8 — b)) (16)

aN?
\%4 ( %(aﬁ — b))
N2

NEgT — 7

(Using the ideal gas result)

3
2
3

= —NkgT —
5 VB
3
2

¢) Observe that pressure P in Eq. [1| can be isolated

NkgT  NZ2a
p— _ 17
V—-Nb V2 (17)
The first and second derivatives of Eq. can be computed directly

P\  NkgT  2N%a
(W>T__<V—Nb>2+ Vs
9*P\  2NkgT  6N%a
(W)T T (V=Nb3 VA

(18)
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Setting them two zero yields the relations:

NEgT 2N?%a

) (V-Nb? V3 (19
.. 2Nk‘BT - 6N2CL
(i) (V—Nbp3 v+

Diving one of the other removes the T-dependence, allowing us to solve for V' (in this case, V)

( NkpT ) 2N2a)
(V_Nb)? V3

(

( INkgT > (6]‘\/72“)
2
6

(V—Nb)?
1 2
SV N =2V (20)
3V — 3NB = 2V
V — 3Nb

So
V. =3Nb (21)

With this unknown found, we can solve for T, using equation (i):

o 2N%a (V. — Nb)?
cys Nkpg

2Na  (3Nb— Nb)?
(3Nb)3 kg (22)
B 2Na22N2p?
~ 3BN3Bkp
8a
27bk

Using Eq. [I7|with V' =V, and T = T,, we see that

P.=P(T.,V.)
_ NkgT, N2
S Vo—Nb V2
_ Nkp Sa N3 (23)
" 3Nb— Nb 2Tbky  (3Nb)?
a
T 2T

We see that T, P, and V, only depend on the parameters a, b inherent to the a given gas.

d) Using the substitutions

a 8a
VooV, = 03Nb, P —pP=p—— T 1T, =1t 24
Ve =v TP = Poms - 2Tblin (24)
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The Van der Waals equation becomes

1
(P + —N2a) (V = Nb) = NkgT

V2
O L N2%) (03N — NbB) = Nkt
Pome2 ™ wanvez )V R T7 T
ap 1 a 8
Gy 2 YNGBu—1) =Nt
b<27+9v2) (Bv—1) =Nt

(p—k%) (B3v—1) =38t

Where any dependence of a, b is completely gone.
e) Computing the ratio using the values found in part (c) yields

PV, g -3Nb

NkgT.  Nkpzhe
3

= - =0.375
8

(26)

This value is slightly higher then the experimental range. Further, observe how it is constant

regardless of what a and b are.
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Problem 2 [5 points]

Consider the Dieterici equation of state for a gas of N particles in volume V' and temperature T’

NksT
P = aN/VkgT 2
V—]Vb6 (27)

where a, b are constants.
a) Compute the temperature, pressure, and volume T,, P,., and V, at the critical point.

b) Compute the compressibility ratio (P.V.)/(NkgT.) for this gas. Is this number closer to the
experimentally measured values mentioned in question 1(e)? Can you explain why that is?
Hint: Consider how the Van der Waals equation of state is a limiting case of the Dieterici
one.

a) Following the same procedure as in problem 1, the critical point is defined through the derivatives

OP
(W)T =0

0?P (28)
(), -
Note that this definition is equivalent to
Oln P
(%), -0
9?In P (29)
(), ¢
Which is more convenientf?] given the shape of P. Observe that
In P = In(NksT) — In(V — Nb) — V‘ZZ - (30)
Hence
(8111 P) _ 1 N aN
ov ) V —Nb  kgTV?
<a21_np> 1 N 3D
ov? ). (V-Nb? kgTV3
Setting both of them equal to zero yields the two relations
(i) kpT.Ve = aN(V. — Nb) (32)

(ii)  kpT.V? =2aN(V,— Nb)*

for variables T,V at their critical values. Since we have two equations, we can use them to
eliminate one of the variables, namely 7" (divide equation (ii) by equation (i)):

V. = 2(V. — Nb) (33)

2It is true that we can take the derivatives on P, but they will not be as short/compact as those coming from In P.
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Hence
V., = 2Nb (34)
Plugging this back into eq. (i) or (ii), we find that the critical temperature is
N(V.— Nb
(starting from eq. (1)) 7. = %‘/{?)
kp(2Nb)?
_a
 Abkp
Now that we have V, and T,, we can plug them back into P(V,T) to find P.:
Pc = P(‘/ca Tc)
_ Nk i,
V.—Nb
a Nkp aN 1 4bkg (36)
= exp | ——=——
bk Nbo P\ hp 2Nb a
a
= 2 P (—2)
b) The compressibility ratio follows directly
P.V, a 4b
cle = % exp(—2)2b—
Nipl, a2 o0 722
= 2exp (—2) (37)
~ 0.27

independent of the values of a,b. We see that this value falls a little short from the experimental
range quoted in problem 1.e, making it smaller than the van der Waals universal compressibility
but nonetheless closer to the desired range. In the same way that the van der Waals equation
of state can be thought of as a correction to the ideal gas, we see that the Dieterici equation
of state has further corrections on top of the van der Waals terms. This is directly seen if we
expand the exponential in the Dieterici equation around 0. To be precise, the van der Waals
equation has linear corrections, while the Dieterici equation contains higher order corrections.
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Problem 3 [3 points]

Consider the Clausius-Clapeyron equation for a first-order phase transition between a liquid and

a gas phase
dP L

dr B T(Ugas - Uliquid)
where L is the specific heat, and v = V//N. Under the assumption that L is constant, vgas > Uliquid,

and PV = NkgT, solve the above equation to determine the shape of the liquid-gas interface in
the P vs T phase diagram.

(38)

In the limit that vgass >> Viiquia, we have

Ugas — Vliquid = Ugas (39)
50 iP L
ar TVgas (40)
Using the ideal gas law Pv = kgT, it follows that
Vgas = kpT'/ P (41)
Plugging this into the differential equation yields
This differential equation can be solved by separation of variables:
AP _ Ldr
P k;BLT21 (43)
(integrating...) InP = T + const.
We solve for P using exponentiation:
P(T) = Pyexp <—L) (44)
kgT

Where we absorbed the integration constant as a multiplicative factor. Using standard values, we can
plot this function:

T T T T T
100 200 300 400 500
Temperature [K]

Observing that this matches reference diagrams. [ |
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