
Van der Waals Model and Phase Transitions

PHYS 301; Prof. Cyr-Racine

1 The Van der Waals Equation of State

Last time, we computed the partition function for a weakly interacting gas with an interatomic
potential given by:
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At leading order, we obtained the van der Waals Equation of State (EOS):

P =
NkBT

V −Nb −
aN2

V 2
(2)

where the constants are:

• b =
2πr30
3 ∼ one atom’s volume. The hard-core repulsion increases the pressure by reducing

the effective volume available to the gas.

• a = bU0. The attractive force decreases the pressure by pulling atoms together.

By construction, we must always have V > Nb. We can plot this equation of state at fixed
temperatures in the P vs. V/N plane. Notice that the pressure is entirely a function of the specific
volume v = V/N :

P (v) =
kBT

v − b −
a

v2
(3)
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2 Isotherms and the Critical Point

When we plot P as a function of V/N for different temperatures, we see three distinct behaviors:

5. Phase Transitions

A phase transition is an abrupt, discontinuous change in the properties of a system.

We’ve already seen one example of a phase transition in our discussion of Bose-Einstein

condensation. In that case, we had to look fairly closely to see the discontinuity: it was

lurking in the derivative of the heat capacity. In other phase transitions — many of

them already familiar — the discontinuity is more manifest. Examples include steam

condensing to water and water freezing to ice.

In this section we’ll explore a couple of phase transitions in some detail and extract

some lessons that are common to all transitions.

5.1 Liquid-Gas Transition

Recall that we derived the van der Waals equation of state for a gas (2.31) in Section

2.5. We can write the van der Waals equation as

p =
kBT

v � b
� a

v2
(5.1)

where v = V/N is the volume per particle. In the literature, you will also see this

equation written in terms of the particle density ⇢ = 1/v.

On the right we fix T at di↵erent values

b

p

v

T>T

T=T

T<T

c

c

c

c

Figure 34:

and sketch the graph of p vs. V determined

by the van der Waals equation. These curves

are isotherms — lines of constant tempera-

ture. As we can see from the diagram, the

isotherms take three di↵erent shapes depend-

ing on the value of T . The top curve shows

the isotherm for large values of T . Here we

can e↵ectively ignore the �a/v2 term. (Recall

that v cannot take values smaller than b, re-

flecting the fact that atoms cannot approach

to arbitrarily closely.) The result is a monotonically decreasing function, essentially the

same as we would get for an ideal gas. In contrast, when T is low enough, the second

term in (5.1) can compete with the first term. Roughly speaking, this happens when

kBT ⇠ a/v is in the allowed region v > b. For these low value of the temperature, the

isotherm has a wiggle.
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Figure 1: Isotherms of the van der Waals equation of state

For high temperatures (T > Tc), the curve is monotonically decreasing, similar to an ideal gas.
As we lower the temperature, a critical temperature Tc is reached where the isotherm develops
an inflection point. At this critical point:

∂P

∂V

∣∣∣∣
Tc

= 0 and
∂2P

∂V 2

∣∣∣∣
Tc

= 0 (4)

In the homework, you will derive the critical temperature by solving these equation. It is equal to
kBTc = 8a/27b = 8U0/27.

3 Maxwell Construction and Coexistence

For temperatures below the critical temperature (T < Tc), the van der Waals isotherm exhibits
inflection points as shown in Fig. 2. This means that at a fixed pressure (and temperature since we
are on an isotherm), there are multiple possible densities predicted by the equation of state. What
are these different states?

• Starting with the state labeled “2” in Fig. 2, it has ∂P
∂V > 0. This means that compressing

the gas (dV < 0) would somehow decrease the pressure, making it easier to compress and
decreasing the pressure further. The whole system would collapse on itself. Similarly, if
I expand the gas (dV > 0), the pressure increases, making the system wanting to expand
more, increasing the pressure further. The system explodes. This is clearly an unstable and
unphysical state.

• The state labeled “1” in Fig. 2 has v ∼ b, which means atoms are very tightly packed together.
The density is thus high. Also, |∂P∂V | is very large and negative, implying that it is very difficult
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to compress this state: a tiny change in volume would lead to a huge change in pressure. This
is a liquid.

• The state labeled “3” has V/N � b (low density) and has a small and negative |∂P∂V |. This is
a gas.

Figure 2: For T < Tc and for a given pressure and temperature, the van der Waals model predict
three different states of the system, characterized by difference densities and compressibility.

Thus, state 1 and 3 have clear physical realizations in the real world, but intermediate states
between these two appear unphysical. What is going on? We are missing an important piece of
physics: phase transformation and coexistence of multiple phases in the same volume. That is,
between state 1 and state 3, the system undergoes a phase transition, separating into a liquid and
a gas. To find the physical pressure at which coexistence occurs (Pcoexistence), we use the Maxwell
Equal Area Construction.

p. To see this, start in the liquid state at some fixed value of p and T and travel along

the isotherm. The infinitesimal change in the chemical potential is

dµ =
@µ

@p

����
T

dp

However, we can get an expression for @µ/@p by recalling that arguments involving

extensive and intensive variables tell us that the chemical potential is proportional to

the Gibbs free energy: G(p, T, N) = µ(p, T )N (4.22). Looking back at the variation of

the Gibbs free energy (4.21) then tells us that

@G

@p

����
N,T

=
@µ

@p

����
T

N = V (5.5)

Integrating along the isotherm then tells us the chem-
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ical potential of any point on the curve,

µ(p, T ) = µliquid +

Z p

pliquid

dp0
V (p0, T )

N

When we get to gas state at the same pressure p =

pliquid that we started from, the condition for equi-

librium is µ = µliquid. Which means that the integral

has to vanish. Graphically this is very simple to de-

scribe: the two shaded areas in the graph must have equal area. This condition, known

as the Maxwell construction, tells us the pressure at which gas and liquid can co-exist.

I should confess that there’s something slightly dodgy about the Maxwell construc-

tion. We already argued that the part of the isotherm with dp/dv > 0 su↵ers an

instability and is unphysical. But we needed to trek along that part of the curve to

derive our result. There are more rigorous arguments that give the same answer.

For each isotherm, we can determine the pressure at which the liquid and gas states

are in equilibrium. The gives us the co-existence curve, shown by the dotted line in

Figure 37. Inside this region, liquid and gas can both exist at the same temperature

and pressure. But there is nothing that tells us how much gas there should be and how

much liquid: atoms can happily move from the liquid state to the gas state. This means

that while the density of gas and liquid is fixed, the average density of the system is

not. It can vary between the gas density and the liquid density simply by changing the

amount of liquid. The upshot of this argument is that inside the co-existence curves,

the isotherms simply become flat lines, reflecting the fact that the density can take any

value. This is shown in the graph on the right of Figure 37.
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Figure 3: Maxwell construction for the pressure at which we have co-existence of liquid and gas.
The co-existence pressure is determined by matching the two red hatched areas under the curve.

We draw a horizontal line at Pcoexistence such that the two hatched areas are equal in Fig. 3.
The ends of this horizontal line represent the specific volume of the pure liquid phase (vliquid) and
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the pure gas phase (vgas). Physically, the coexistence pressure is determined by the condition of
chemical equilibrium. For the liquid and gas to coexist in equilibrium at the same temperature
and pressure, their chemical potentials must be equal:

µliquid = µgas (5)

4 The Phase Diagram and the Clausius-Clapeyron Equation

We can summarize the phase behavior by determining the shape of the liquid-gas interface in the
P − T plane.

T

P

Critical Point (Tc, Pc)

Liquid

Gas

Along the interface curve, we have phase coexistence, so µliquid = µgas.
Remember that the Gibbs free energy is G = µN . The total Gibbs free energy is:

G = F + PV = 〈E〉 − TS + PV (6)

The fundamental thermodynamic identity for G is:

dG = −SdT + V dP + µdN (7)

Let us define the Gibbs free energy per atom, g = G/N . Because G is extensive, g = µ. Therefore,
at the phase boundary:

gliquid = ggas (8)

If we move infinitesimally along the phase boundary, the change in the specific Gibbs free energy
must be the same for both phases (dgliquid = dggas). From the total differential dg = −sdT + vdP
(where s = S/N and v = V/N):

−sliquiddT + vliquiddP = −sgasdT + vgasdP (9)

Rearranging to solve for the slope of the coexistence curve in the P − T plane:

(vgas − vliquid)dP = (sgas − sliquid)dT (10)

dP

dT
=
sgas − sliquid
vgas − vliquid

(11)
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Finally, we define the specific latent heat, L, as the heat required to convert one particle
from the liquid to the gas phase (or the heat released by condensing gas into liquid):

L = T (sgas − sliquid) (12)

Substituting this into our slope equation yields the famous Clausius-Clapeyron equation:

dP

dT
=

L

T (vgas − vliquid)
(13)

You will solve this equation for a simple case in the homework.
For the liquid-gas phase transition described above, we have the Gibbs free energy G is con-

tinuous across the coexistence curve. However, the entropy is generally discontinuous across this
curve (otherwise L = 0). Since we have that

S = −∂G
∂T

∣∣∣
P,N

(14)

from Eq. (7) above, this means that the first derivative of G is discontinuous for the above phase
transition. Such phase transitions are referred to as first-order phase transitions. First order phase
transitions always involve the release of latent heat. In general, an nth order phase transition
occurs when the nth derivative of the free energy is discontinuous across the coexistence curve.
Most phase transitions are either first-order or second-order.
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