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Question 1.

(a) Last week, we computed the effective number of relativistic degrees of freedom g∗(T ) by
counting the particles with mass mi < T at each T . This gave us the values of g∗(T ) at the
plateaus shown in Fig. 1 below. However, g∗(T ) is a smooth function of temperature (except
maybe at the QCD transition), not a series of sharp steps going down. If you were asked to
compute this curve exactly at T > 200 MeV, how would you do it? Write down a formal
expression for g∗(T ) valid at T > 200 MeV. You don’t need to numerically evaluate your
expression.

(b) In Fig. 1 below, the curve splits into two different lines for T . 0.5 MeV (one solid, one
dotted). This occurs because g∗(T ) 6= g∗S(T ) at these low temperatures. Compute both g∗(T )
and g∗S(T ) after e+e− annihilation and confirm the values shown on the plot for T . 0.05
MeV. Which line shows g∗S(T )?

49 3. Thermal History

T ⇠ 1
6mt ⇠ 30 GeV,11 the e↵ective number of relativistic species is reduced to g? = 106.75 �

7
8 ⇥ 12 = 96.25. The Higgs boson and the gauge bosons W±, Z0 annihilate next. This happens

roughly at the same time. At T ⇠ 10 GeV, we have g? = 96.26 � (1 + 3 · 3) = 86.25. Next,

the bottom quarks annihilate (g? = 86.25 � 7
8 ⇥ 12 = 75.75), followed by the charm quarks

and the tau leptons (g? = 75.75 � 7
8 ⇥ (12 + 4) = 61.75). Before the strange quarks had

time to annihilate, something else happens: matter undergoes the QCD phase transition. At

T ⇠ 150 MeV, the quarks combine into baryons (protons, neutrons, ...) and mesons (pions, ...).

There are many di↵erent species of baryons and mesons, but all except the pions (⇡±, ⇡0) are

non-relativistic below the temperature of the QCD phase transition. Thus, the only particle

species left in large numbers are the pions, electrons, muons, neutrinos, and the photons. The

three pions (spin-0) correspond to g = 3 · 1 = 3 internal degrees of freedom. We therefore get

g? = 2 + 3 + 7
8 ⇥ (4 + 4 + 6) = 17.25. Next electrons and positrons annihilate. However, to

understand this process we first need to talk about entropy.

Figure 3.4: Evolution of relativistic degrees of freedom g?(T ) assuming the Standard Model particle content.

The dotted line stands for the number of e↵ective degrees of freedom in entropy g?S(T ).

3.2.3 Conservation of Entropy

To describe the evolution of the universe it is useful to track a conserved quantity. As we will

see, in cosmology entropy is more informative than energy. According to the second law of

thermodynamics, the total entropy of the universe only increases or stays constant. It is easy to

show that the entropy is conserved in equilibrium (see below). Since there are far more photons

than baryons in the universe, the entropy of the universe is dominated by the entropy of the

photon bath (at least as long as the universe is su�ciently uniform). Any entropy production

from non-equilibrium processes is therefore total insignificant relative to the total entropy. To

a good approximation we can therefore treat the expansion of the universe as adiabatic, so that

11The transition from relativistic to non-relativistic behaviour isn’t instantaneous. About 80% of the particle-

antiparticle annihilations takes place in the interval T = m ! 1
6
m.

Figure 1: Effective relativistic number of degrees of freedom in the early Universe as a function of
temperature. Figure taken from Baumann (2022).
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