
PHYS 480/581
General Relativity

Extra Problems #4

Question 1.

The metric for a two-sphere is
ds2 = a2(dθ2 + sin2 θdφ2), (1)

where a the the radius of the sphere. This metric tells you how to compute distances on the
surface of a sphere of constant radius. Now, imagine that there is a rank-4 tensor R living on this
two-sphere, with the following properties

Rρσµν = −Rσρµν , Rρσµν = −Rρσνµ, (2)

and
Rρσµν = Rµνρσ. (3)

where here ρ, σ, µ, ν = θ or φ. Say I give you one component of this tensor

Rθ
φθφ = sin2 θ. (4)

(a) Using the properties given above and Eq. (4), find all 16 components of R with all four lower
indices, i.e., Rρσµν .
Solution:
Using the antisymmetry of R in either its two first indices or its two last, we know that any
component of R where either the two first indices are the same, or the two last indices are
the same will automatically vanish. This means that

Rθθφφ = Rθθθφ = Rθθφθ = Rθθθθ = Rφφθθ = Rφφθφ = Rφφφθ = Rφφφφ = 0, (5)

Rθφθθ = Rφθθθ = Rφθφφ = Rθφφφ = 0. (6)

This leaves four non-vanishing components

Rθφθφ = gθλR
λ
φθφ

= gθθR
θ
φθφ

= a2 sin2 θ, (7)

and
Rφθθφ = −a2 sin2 θ, Rθφφθ = −a2 sin2 θ, Rφθφθ = a2 sin2 θ. (8)

(b) Define the second-rank tensor R̃ with components given by

R̃µν = Rα
µαν . (9)

Find the four components of R̃.
Solution:
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First notice that R̃µν is symmetric in his two indices since

R̃µν = Rα
µαν

= gαβRβµαν

= gαβRανβµ

= gβαRανβµ

= Rβ
νβµ

= R̃νµ. (10)

Then,
R̃φθ = R̃θφ = gαβRβθαφ = gθθRθθθφ + gφφRφθφφ = 0. (11)

We are then left with

R̃φφ = gαβRβφαφ = gθθRθφθφ + gφφRφφφφ =
1

a2
a2 sin2 θ + 0 = sin2 θ, (12)

and
R̃θθ = gαβRβθαθ = gθθRθθθθ + gφφRφθφθ = 0 +

1

a2 sin2 θ
a2 sin2 θ = 1. (13)

(c) Find the trace of R̃, R̃µ
µ.

Solution:
We have

R̃µ
µ = gµαR̃αµ = gθθR̃θθ + gφφR̃φφ =

1

a2
+

1

a2 sin2 θ
sin2 θ =

2

a2
. (14)


