
PHYS 480/581
General Relativity

Extra Problems #5

Question 1.

Consider the following Lagrangian for an electrically charged complex scalar field φ(x) (with charge
e) in Minkowski space

L = ηµν(Dµφ)
∗(Dνφ)−

1

4
FµνF

µν , (1)

whereDµ ≡ ∂µ+ieAµ is the gauge covariant derivative, Aµ is the gauge field, and Fµν = ∂µAν−∂νAµ
is the field strength (curvature) tensor.

(a) Show that the above Lagrangian is invariant under the gauge transformation

φ(x)→ eieθ(x)φ(x), Aµ → Aµ − ∂µθ(x). (2)

(b) In extra Problem #3, you showed that

∂(FαβF
αβ)

∂(∂µAν)
= 4Fµν . (3)

Use this result together with the Euler-Lagrange equation for Aν

∂L
∂Aν

− ∂µ
(

∂L
∂(∂µAν)

)
= 0, (4)

to derive 2 of Maxwell’s equations in this theory [they obviously will have the form ∂µF
µν =

−Jν , so the question is really about what does the 4-current Jν look like in this theory.]

(c) By Noether’s theorem, any theory that has a symmetry (here a U(1) symmetry) has an
associated conserved quantity. Show that this conserved quantity is the current Jµ you found
in part (b), that is, show that,

∂µJ
µ = 0. (5)
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