Physics 480/581
General Relativity

Homework Assignment 5 Solutions

Question 1 (6 points).

Consider adding to the Lagrangian of electromagnetism an additional term of the form L =
€uvpo M FP? = F,s FP?. Here, F), is called the Hodge dual of the standard electromagnetic field
strength Fj, = 0,A5 — 0,A,, and €5, is the Levi-Civita symbol.

(a) Express £’ in terms of the E and B fields.
Solutions:
Let’s use Moore’s convention for the electromagnetic field strength

O E, E, E.
-E, 0 B, -B, )
B, -B. 0 B, |’

~E. B, -B, 0

FH =

Let’s compute each of the components of Fpg = €ups ", Since ﬁ’p(, is antisymmetric, we
know it’s diagonal elements are zero. Its time-space components are
Foi = &0 F™
= EjkOiFJk + €kj0iFk], 1# ] #k, (no sum on j, k)
=200 F7*,  i#j#k  (nosumon jk) (2)

where we used Latin indices (i, j, k) to represent spatial coordinates. We can write down the
3 possibilities here

Fon = 260301 F? = 2B,, Fpo = 2613020F " = 2(—1)(—By) = 2B,, Fo3 = 261203F "% = 2B..
(3)

By antisymmetry, Fyy = —Fy,. For the space-space components, we have

Fij = g‘LWZ.jFMV
= Eonij O + Eroij IO, i #j#k, (no sum on k)
= 2€0kijF0k, i £ ] #k, (no sum on k). (4)
Writing down the three possibilities

Fio = 280312F® = 2E,, Fi3 = 260213F" = —2E,  [Fp3 = 280123 F" = 2E,.  (5)

Thus,
0 B, By, B,
_— —-B, 0 E. -E,
Fl =2 -B, —-E. 0 E, ' (6)
-B. E, —-E, 0
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We can now work out the contraction FWFW

F F" = 2F0,F% + 2F;;F%,  j > in last term
=2(2ByE, +2B,Ey +2B.E.)+ 2(2E.B, + 2E,B, + 2E,B,)
—8F . B, (7)

where we used the antisymmetry to write, e.g., Fo; FO 4+ FjoF0 = 2Fy; F.

(b) Using the Euler-Lagrange equation for the vector potential A

L Olem \
oA, Ok <a(au,4y)> =0, (8)

and the solution from problem 3 in Homework 4, show that including £’ does not affect
Maxwell’s equations. Here, Loy, = —iF wEF" + A, JH + L. Can you provide a deep reason
why?

Solutions:

When working this kind of Euler-Lagrange problems, we have to remember that A, and 0,4,
are considered independent variables. We clearly have that

oL

oa, Y (9)

since £ depends only on the derivatives of A,. So, if we can show that

then £ won’t make any contribution to Maxwell’s equations. We have

oL’ OF o - OFr
— N s
00, A)  dAy) T (0.4,
OFs oFP
= Eappomrm— FP + appo FOP
oo B Ay e B(a,A)
OF°8 OFre
_z Froye . paB_“— 11
€appo a(au,Ay) + €poaf a(a#Ay)a ( )

since €800 = €p0ap (even number of permutations). We can relabel the dummy indices to
make both terms exactly the same

oL OFoB
= _—9¢ S /2
00, A,) — P 5(9,A,)
Be 8F’Y€ Fre

e GG
= 280pp0n "IN (157 — 5H5Y) FP°

— 2€o¢ﬁpa (nwnﬁv _ nwnﬁu) Fre

= 4€0pp0m ' FP7, (12)
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where we used the result from the last homework. We thus have

/
= 40PV e,ppp O FP°
= 4P Eg0pe 0" FP°
= —4"P€50p0 (0°OP A7 — 507 AP)
= 4" (E30po0° 0P A7 — €300 0*0° AP) . (13)

Since partial derivatives commute (0%0” = 070%) while €gnpe = —€8pac, €ach term in Eq.
is of the form a symmetric component multiplying an antisymmetric symbol, which always
vanishes:

E0po 0 0P A% = 50,0 0P 0" A°
= 5p0n 0P A°
= —Ep0pe 0O A, (14)

which implies €34,,0%0? A = 0. In the second step, we have relabeled the dummy indices
a — p and p — a. We thus indeed get

and indeed £’ does not contribute to Maxwell’s equation. Fundamentally, FWF Y cannot
contribute to the equation of motion of the electromagnetic field since it can be written as a
total derivative. Total derivative terms in the Lagrangian never contribute to the equation of
motion since they can be written as surface terms which live at the boundary of spacetime
and thus cannot affect the dynamic inside it. Expanding F, wFH in terms of AH

Fpg FP7 = &0 " FP°
= Eupor (DMA” — 07 AM) (07 A — P A%))
= Eupo (9" AV)(D7 A) — (DAY)(DP A7) — (" A)(9 A°) + (9" AM) (0P A%)) . (16)

Now note that from the chain rule, we have
OH(AYOPA%) = (OMAY)(OP A7) + AY(OHOP A7), (17)

where the first term on the right-hand side is what appears in Eq. . So, for instance, the
first term in Eq. can then be written as

Eupo(OFAY) (07 AP) = €0pe 0" (AVOP A7) — €pupe AV (OHOP A7) = €,ps OM (AVOP A7), (18)
since €,p0 AY(0*0P A%) = 0. Thus, Eq. can be written as
Foo FP7 = Epo (OM(AYO7AP) — O (AVOP A7) — ¥ (AFD° AP) + 0¥ (AFOP A7)
= 46,0 0" (AV 07 AP), (19)

where we have used relabeling of the dummy indices to write the last step. Thus, Fp,,Fp" is
indeed a total derivative and cannot contribute to the equation of motion.
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Question 2 (5 points).

A quantity that we will need in the near future is the determinant of the metric det(g). In a
4-dimensional spacetime, this determinant can be computed via the relation

guyaﬂgw/gwigaagﬁp = det (g) g’y(so‘pv (20)

which is just the standard expression for the determinant of a 4 x 4 matrix.

(a)

(b)

Show that for a diagonal metric, the above expression simply gives that det (g) is just the
product of the diagonal elements of g, .

Solutions:

(Note that for a metric with Lorentzian signature (that for which the time component is
negative, say), Eq. should have a minus sign in front of det (g). This is because é**# =
sign(det (g))€uwas- So, for a Lorentzian metric, if €y123 = 1, then €12 = —1. In the following,
let’s assume we have a Euclidean metric with sign(det (¢g)) = +1 since Eq. is valid in this
case.)

Evaluate the right-hand side of Eq. at specific indices, for instance 0123
det (g) éo123 = det (g) = & g,09,1902953
= &% 90011922933
= 900911922933- (21)
So, for a diagonal matrix, the determinant is indeed the product of the diagonal elements.
While det (g) is a scalar function, it is not a Lorentz scalar, meaning that it takes different

values in different inertial reference frames. Using the transformation for the Levi-Civita
symbol under a coordinate transform z# — x'#

4 |02 0zt Ox¥ 0x7 OxP _
©aB¥0 = |9z |02/ 92/8 Oz DS PP (22)
show that
oz’ -
det (¢') = | =—| det 23
et(g) =|5-| det(g), (23)
where %—:’i is the determinant of the Jacobian matrix for the coordinate transformation z# —
T,
Solutions:
Below, we will need the transformation law of the metric under a coordinate transform
Iz 928
o
Iuy = i g o8 (24)
. . 9x'H
Multiply both sides by %75 ,
o', 0z 9x® daP
927 I T G g g P
oz
= ? wgaﬂ
9P
. (25)

= o9



Physics 480/581

Homework Assignment 5

We will use this expression several times below. In the primed frame, we have

det (9') &50p = € g, 0590095
— @ o' 9z’ da'™ da'” ~TiToT3T4 ) ]
T 92! | §x™ B2 O™ Hx!™3 9ury9v690c98p
= % il g O g 0x® g 0a” Gy g€ T2TET
ox' | Oz Tlﬂax/é T2V ox'o T3 9z'p T4
_ Ox det - ox* dz¥ dx® OxP
=59 e (g)ﬂwaﬁ ox' % Ox'e P
833’ 833 o
= % det (g) % 6’}/60'[2
o 2
x ~
= % det (g)efy&yp

Thus, for any value of the components of the right and left hand sides

0
det (g) 'ajj

2 —2
oz’
det (g) = ‘895 det (9),

since the inverse of the determinant is the determinant of the inverse.

(c) Use Egs. and above to show that

is an actual tensor, unlike €,3s.
Solutions:

€aByé — det (g)gaﬁ'yz?

We need to show that €,g,s transforms like a tensor. We have

€nprs = Vdet (9)€ apys

2
B 87:1: det (g) 871" oz# Oz¥ 0z° 8x"g
N ox' J dx |0z’ dx'B da'y P’ M
_ Jdet (9) % 87:16’ oz* Oz¥ 0z° Bacpg
N 90 || 0z | 02’ 278 Dz 9’0 P

ox* Ox¥ 0x° Oz”

det (9)€uvop

= 05’ 928 9z §ld

ox* 0x¥ 0x° Oxf

= € .
ox' 9B dx!v Hx'd M

Thus, €,845 is indeed a tensor.

(27)



