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Question 1.
Part a)
Just from the properties of our Rρσµν tensor we can calculate that any component where ρ = σ or µ = ν

must equal zero. To see this, take the example where ρ = σ = θ, then:
Rρσµν = −Rσρµν

Rθθµν = −Rθθµν

Rθθµν = 0.

We end up with 12 components that are 0 in this way (see Tab. 1).
We have Rθ

ϕθϕ = sin2 θ. The first step is to lower the only upper index via:
Rθϕθϕ = gαθR

α
ϕθϕ

= gθθR
θ

ϕθϕ + gϕθR
ϕ

ϕθϕ

= a2 sin2 θ

as gθθ = a2 and gθϕ = 0. From this we can use the properties of our tensor to calculate the remaining 3
components:

Rθϕϕθ = −Rθϕθϕ

= −a2 sin2 θ

Rϕθθϕ = Rθϕϕθ

= −a2 sin2 θ

Rϕθϕθ = −Rθϕϕθ

= a2 sin2 θ.

The results are summarized in Tab. 1.

Index 1 Index 2 Index 4 Index 4 Value
θ θ θ θ 0
θ θ θ ϕ 0
θ θ ϕ θ 0
θ θ ϕ ϕ 0
θ ϕ θ θ 0
θ ϕ θ ϕ +a2 sin θ
θ ϕ ϕ θ −a2 sin θ
θ ϕ ϕ ϕ 0
ϕ θ θ θ 0
ϕ θ θ ϕ −a2 sin θ
ϕ θ ϕ θ +a2 sin θ
ϕ θ ϕ ϕ 0
ϕ ϕ θ θ 0
ϕ ϕ θ ϕ 0
ϕ ϕ ϕ θ 0
ϕ ϕ ϕ ϕ 0

Table 1. Values of each component of Rρσµν .
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Part b)
To start we need to calculate the inverse metric. Because our metric is diagonal each entry of the inverse

metric is the reciprocal of the corresponding entry in the original metric. This gives us that:

gθθ = 1
a2

gϕϕ = 1
a2 sin2 θ

gθϕ = gϕθ = 0

Now we can calculate each component of R̃µν using the values for Rρσαβ we calculated in part a.

R̃θθ = gαβRβθαθ

= gθθRθθθθ + gϕϕRϕθϕθ

= 1
a2 (0) + 1

a2 sin2 θ
(a2 sin2 θ)

= 1
R̃θϕ = gαβRβθαϕ

= gθθRθθθϕ + gϕϕRϕθϕϕ

= 1
a2 (0) + 1

a2 sin2 θ
(0)

= 0
R̃ϕθ = gαβRβϕαθ

= gθθRθϕθθ + gϕϕRϕϕϕθ

= 1
a2 (0) + 1

a2 sin2 θ
(0)

= 0
R̃ϕϕ = gαβRβϕαϕ

= gθθRθϕθϕ + gϕϕRϕϕϕϕ

= 1
a2 (a2 sin2 θ) + 1

a2 sin2 θ
(0)

= sin2 θ

Part c)
To calculate Rµ

µ we need to raise the first index of the two diagonal components of Rµν :

Rθ
θ = gθαRαθ

= 1
a2 (1) + (0)(0)

= 1
a2

Rϕ
ϕ = gϕαRαϕ

= (0)(0) + 1
a2 sin2 θ

sin2 θ

= 1
a2 .
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Rµ
µ is then Rθ

θ + Rϕ
ϕ = 2

a2 .
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