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Q1. Consider the metric of a three-sphere with coordinates xµ = (ψ, θ, ϕ)

ds2 = dψ2 + sin2 ψ
(
dθ2 + sin2 θ dϕ2

)
(1)

(a). Calculate the Christoffel connection coefficients.

(b). Calculate the Riemann tensor components

Rαβµν = ∂µΓ
α
βν − ∂νΓ

α
βµ + ΓαµγΓ

γ
βν − ΓανσΓ

σ
βµ. (2)

(c). Compute the Ricci tensor Rµν and scalar R

Rµν = Rαµαν , R = Rµµ. (3)

(d). Show that

Rαβµν =
R

6
(gαµgβν − gανgβµ) . (4)

Spaces that satisfies this property are called maximally symmetric.

Sol.

We are given that

gµν =


1

sin2 ψ

sin2 ψ sin2 θ

 & gµν =


1

sin−2 ψ

sin−2 ψ sin−2 θ
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we list all none zero derivative of metric tensor

∂ψgθθ = 2 sinψ cosψ, ∂ψgϕϕ = 2 sin2 θ sinψ cosψ, ∂θgϕϕ = 2 sin2 ψ sin θ cos θ.

(a). Recall Christoffel symbol is given by

Γαµν =
1

2
gαρ (∂µgνρ + ∂νgρµ − ∂ρgµν) ,

by setting α = ψ and use the fact that metric tensor is diagonal, we see that the only non

zero terms are

Γψθθ =
1

2
gψψ (−∂ψgθθ) = − sinψ cosψ & Γψϕϕ =

1

2
gψψ (−∂ψgϕϕ) = − sin2 θ sinψ cosψ.

Likewise, let α = θ the only non zero terms are

Γθψθ =
1

2
gθθ (∂ψgθθ) = sin−1 ψ cosψ & Γθϕϕ =

1

2
gθθ (−∂θgϕϕ) = − sin θ cos θ.

Now, let α = ϕ one has

Γϕψϕ =
1

2
gϕϕ (∂ψgϕϕ) = sin−2 ψ sin−2 θ · sin2 θ sinψ cosψ = sin−1 ψ cosψ

Γϕθϕ =
1

2
gϕϕ (∂θgϕϕ) = sin−2 ψ sin−2 θ · sin2 ψ sin θ cos θ = sin−1 θ cos θ.

Finally, according to symmetry property of Christoffel symbol we see all non zero Christoffel

symbols are given by 

Γψθθ = − sinψ cosψ

Γψϕϕ = − sin2 θ sinψ cosψ

Γθθψ = Γθψθ = sin−1 ψ cosψ

Γθϕϕ = − sin θ cos θ

Γϕϕψ = Γϕψϕ = sin−1 ψ cosψ

Γϕϕθ = Γϕθϕ = sin−1 θ cos θ.
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(b). We know that for n dimensional space we have
1

12
n2(n2 − 1) independent components

of Riemann tensor, back to our case n = 3, thus we must have
32 · (32 − 1)

12
= 6 independent

components of Riemann tensor. We list all possible cases:

ψθψθ, ψθψϕ, ψϕψϕ, ψθϕθ, ψϕθϕ, θϕθϕ

now,

Rψθψθ = ∂ψΓ
ψ
θθ − ∂θΓ

ψ
θψ + ΓψψγΓ

γ
θθ − ΓψθγΓ

γ
θψ

= −
(
cos2 ψ − sin2 ψ

)
− ΓψθθΓ

θ
θψ

= sin2 ψ − cos2 ψ + sinψ cosψ · sin−1 ψ cosψ

= sin2 ψ

likewise,

Rψθψϕ = ∂ψΓ
ψ
θϕ − ∂ϕΓ

ψ
θψ + ΓψψγΓ

γ
θϕ − ΓψϕγΓ

γ
θψ

= 0

Rψϕψϕ = ∂ψΓ
ψ
ϕϕ − ∂ϕΓ

ψ
ϕψ + ΓψψγΓ

γ
ϕϕ − ΓψϕγΓ

γ
ϕψ

= ∂ψΓ
ψ
ϕϕ − ΓψϕϕΓ

ϕ
ϕψ

= − sin2 θ
(
cos2 ψ − sin2 ψ

)
+ sin2 θ sinψ cosψ · sin−1 ψ cosψ

= sin2 θ sin2 ψ

Rψθϕθ = ∂ϕΓ
ψ
θθ − ∂θΓ

ψ
θϕ + ΓψϕγΓ

γ
θθ − ΓψθγΓ

γ
θϕ

= 0

Rψϕθϕ = ∂θΓ
ψ
ϕϕ − ∂ϕΓ

ψ
ϕθ + ΓψθγΓ

γ
ϕϕ − ΓψϕγΓ

γ
ϕθ

= ∂θΓ
ψ
ϕϕ + ΓψθθΓ

θ
ϕϕ − ΓψϕϕΓ

ϕ
ϕθ

= −2 sin θ cos θ sinψ cosψ + sinψ cosψ sin θ cos θ + sin2 θ sinψ cosψ · sin−1 θ cos θ

= 0

3



and finally,

Rθϕθϕ = ∂θΓ
θ
ϕϕ − ∂ϕΓ

θ
ϕθ + ΓθθγΓ

γ
ϕϕ − ΓθϕγΓ

γ
ϕθ

= ∂θΓ
θ
ϕϕ + ΓθθψΓ

ψ
ϕϕ − ΓθϕϕΓ

ϕ
ϕθ

= −
(
cos2 θ − sin2 θ

)
− sin−1 ψ cosψ · sin2 θ sinψ cosψ + sin θ cos θ · sin−1 θ cos θ

= sin2 θ
(
1− cos2 ψ

)
= sin2 θ sin2 ψ.

(c). We know that Rµν = Rαµαν , thus

Rψψ = Rαψαψ = Rθψθψ +Rϕψϕψ

= gθθgψψR
ψ
θψθ + gϕϕgψψR

ψ
ϕψϕ

= sin−2 ψ sin2 ψ + sin−2 ψ sin−2 θ sin2 θ sin2 ψ

= 2

Rθθ = Rαθαθ = Rψθψθ +Rϕθϕθ

= Rψθψθ + gϕϕgθθR
θ
ϕθϕ

= sin2 ψ + sin−2 ψ sin−2 θ sin2 ψ sin2 θ sin2 ψ

= 2 sin2 ψ

Rϕϕ = Rαϕαϕ = Rψϕψϕ +Rθϕθϕ

= Rψϕψϕ + gϕϕgθθR
θ
ϕθϕ

= sin2 θ sin2 ψ + sin2 θ sin2 ψ

= 2 sin2 θ sin2 ψ
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now consider non-diagonal elements

gψθ = Rαψαθ = Rϕψϕθ = gϕϕgψψR
ψ
ϕθϕ = 0,

gψϕ = Rαψαϕ = Rθψθϕ = gθθgψψR
ψ
θϕθ = 0,

gθϕ = Rαθαϕ = Rψθψϕ = 0.

Finally, Ricci scalar is given by

R = gµνRµν = gψψRψψ + gθθRθθ + gϕϕRϕϕ

= 2 + 2 sin−2 ψ sin2 ψ + 2 sin−2 θ sin−2 ψ sin2 θ sin2 ψ

= 6.

(d). Actually part (d) follows from the consequence of Killing vector fields. Let’s start

with basic property of Killing vector field ξνeν ,

∇µξν +∇νξµ = 0, where ξµ = gµσξ
σ, (5)

∇ρ∇νξµ −∇ν∇ρξµ = Rλµνρξλ (6)

∇µ∇νξρ = Rλµνρξλ (7)

∇νξµ = ξµ∇ν (8)

the equation (5) is so called Killing equation, Rλµνρ in equation (6) and (7) is just Riamann

curvature tensor, and equation (7) basically tells us that Killing vector commute with covariant

deraivative.

Now, consider Lie bracket [∇κ,∇α] acting on ∇νξµ, from equation (7) and product rule one

has

[∇κ,∇α]∇νξµ = ∇κ∇α∇νξµ −∇α∇κ∇νξµ = ∇κ

(
Rβανµξβ

)
−∇α

(
Rβκνµξβ

)
=

(
∇κR

β
ανµ

)
ξβ +Rβανµ∇κξβ −

(
∇αR

β
κνµ

)
ξβ −Rβκνµ∇αξβ

= ∇κR
β
ανµξβ +Rζανµ∇κξζ −∇αR

β
κνµξβ −Rζ κνµ∇αξζ (9)
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were last equation we just rename index β → ζ.

On the other hand by equation (6) and (8) we also have

[∇κ,∇α]∇νξµ = ∇κ∇α∇νξµ −∇α∇κ∇νξµ = ∇κ∇α (∇νξµ)−∇α∇κ (∇νξµ)

= ∇κ∇α (∇ν) ξµ +∇κ∇α (ξµ)∇ν −∇α∇κ (∇ν) ξµ −∇α∇κ (ξµ)∇ν

= ∇κ∇α (∇ν) ξµ −∇α∇κ (∇ν) ξµ +∇κ∇α (ξµ)∇ν −∇α∇κ (ξµ)∇ν

= Rβνακ∇βξµ +Rβµακξβ∇ν

= Rβνακ∇βξµ +Rβµακ∇νξβ (10)

thus, we must have equation (9) and (10) are identical, regrouping them yields

(
∇κR

β
ανµ −∇αR

β
κνµ

)
ξβ +Rζανµ∇κξζ −Rζ κνµ∇αξζ −Rβµακ∇νξβ −Rβνακ∇βξµ = 0

now, we use equation (5) changing second last term −Rβµακ∇νξβ to Rβµακ∇βξν :

(
∇κR

β
ανµ −∇αR

β
κνµ

)
ξβ +Rζανµ∇κξζ −Rζ κνµ∇αξζ +Rβµακ∇βξν −Rβνακ∇βξµ = 0

we may also rename indices by multiplying kronecker delta,

(
∇κR

β
ανµ −∇αR

β
κνµ

)
ξβ +Rζανµδ

β
κ∇βξζ −Rζ κνµδ

β
α∇βξζ +Rβµακδ

ζ
ν∇βξζ −Rβνακδ

ζ
µ∇βξζ = 0(

∇κR
β
ανµ −∇αR

β
κνµ

)
ξβ +

(
Rζανµδ

β
κ −Rζ κνµδ

β
α +Rβµακδ

ζ
ν −Rβνακδ

ζ
µ

)
∇βξζ = 0 (11)

we may further assume that ξβ ̸= 0 and ∇βξζ ̸= 0 for all possible β and ζ, so that equation

(11) further implies that


∇κR

β
ανµ −∇αR

β
κνµ = 0

Rζανµδ
β
κ −Rζ κνµδ

β
α +Rβµακδ

ζ
ν −Rβνακδ

ζ
µ = 0
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let’s focus on the second equation, by multiplying δκβ one has

Rζανµδ
β
κδ

κ
β −Rζ κνµδ

β
αδ

κ
β +Rβµακδ

ζ
νδ
κ
β −Rβνακδ

ζ
µδ
κ
β = 0

RζανµN −Rζ κνµδ
κ
α +Rβµαβδ

ζ
ν −Rβναβδ

ζ
µ = 0

RζανµN −Rζ κνµδ
κ
α −Rβµβαδ

ζ
ν +Rβνβαδ

ζ
µ = 0

RζανµN −Rζανµ −Rµαδ
ζ
ν +Rναδ

ζ
µ = 0

(N − 1)Rζανµ = −δζµRνα + δζνRµα (12)

where N = δβκδ
κ
β = δκκ is the dimensional of our manifold (in this case dimM = 3). Next,

multiplying metric tensor gβζ on both sides of (12),

(N − 1) gβζR
ζ
ανµ = −gβζδζµRνα + gβζδ

ζ
νRµα

(N − 1)Rβανµ = −gβµRνα + gβνRµα

(N − 1)Rαβµν = −gβµRνα + gβνRµα (13)

we are almost there. The last few steps is first we multiply inverse metric tensor gαµ on both

sides of (13) yields

(N − 1) gαµRαβµν = −δαβRνα + gβν (g
αµRµα)

(N − 1)Rβν = −δαβRνα + gβνR

(N − 1)Rβν = −Rνβ + gβνR

(N − 1)Rβν = −Rβν + gβνR

NRβν − gβνR = −Rβν +Rβν

NRβν − gβνR = −gβνR+ gβνR

NRβν = gβνR

=⇒ Rβν =
R

N
gβν (14)
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now plug equation (14) back into (13) we see that

(N − 1)Rαβµν = −gβµ
R

N
gνα + gβν

R

N
gµα

(N − 1)Rαβµν =
R

N
(gβνgµα − gβµgνα)

Rαβµν =
R

N(N − 1)
(gαµgβν − gανgβµ)

finally we arrive the place that Riemann curvature tensor describes a maximally symmetric

space, and part (d) follows immediately since in our case N = 3 hence

Rαβµν =
R

6
(gαµgβν − gανgβµ) .
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