PHYS 480/581
General Relativity

Homework Assignment 3 Solutions

Question 1 (7 points).

Imagine we have a tensor (matrix) X* and a vector V#, with components

VH = (=1,2,0,—2). (1)

\
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Assuming that these two objects live in flat spacetime with a Minkowski metric 7,,, find the
components of:

(a) X",
Solutions:
2 01 —1 -1.00 0 -2 0 1 —1
-10 3 2 0 100 1 03 2
B xhe = =
Xy = X ~110 0 0 010 1 10 0 )
-2 1 1 =2 0 00 1 2 1 1 =2
(b) X"
Solutions:
-1.00 0 2 0 1 -1 -2 0 -1 1
0 100 -1 0 3 2 -1 0 3 2
v __ av __ J—
Xum =meX=1 g g 1 g 110 0 | | -11 0 o0 (3)
0 00 1 -2 1 1 =2 -2 1 1 =2
(c) Xw) = % (XK 4 XVI)
Solutions:
2 01 -1 2 -1 -1 -2 2 -3 0 -3
xw _ L[ -r0o3 2 ) 0o 0 1 1 | -3 0 2 2
2 -1 10 0 1 3 0 1 o 2 0 3
-2 11 =2 -1 2 0 -2 -3 3 1 -2
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Solutions: First, let’s find X,

100 0 2 0 1 —1 -10 0 0
0 100 -1 0 3 2 0 100
_ aB,
X =Mpa X0 =1 g g 1 110 0 0 01 0 (5)
0 0 0 1 -2 1 1 =2 0 0 0 1
2 0 -1 1
10 3 2
=111 0 o |’ (6)
2 1 1 -2
Thus,
2 0 -1 1 2 11 2 0o -3 -1 -1
10 3 2 0 01 1 3 0o 1 1
X = 3 110 o | | =130 1 1 -1 0 -1 (7)
21 1 -2 1 2 0 =2 3 -3 3 0
(e) X/\,\
Solutions:
2 0 1 -1 -1 00 0
-1 0 3 2 0 100
A Ao o _
XO=XTnaa=Tr [ 4 0o 010 ||~ (8)
2 1 1 =2 0 0 0 1
(f) ViV,
Solutions:
VIV, = VEVY = (V02 + (V)2 + (V) + (V3)2 =T, (9)
() VX
Solutions:
-10 0 0 2 01 -1
0 1 0 0 10 3 2
wy « uy (. o
0 0 0 1 2 1 1 -2

Question 2 (2 points).

The electromagnetic Lagrangian density is £ = —iF w M. With the help of Eq. (4.14) in Moore,

write down £ in terms of the E and B field components.
Solutions: First, the components of F),,, are given by

-1 0 0 O 0 £, E, FE, -1 0 0 0
0 1 00 —-F 0 —B 0 1 00
_ af _ x z Yy
Fuv = nuaF " ngy 0 01 0 -E, -B, 0 B, 0 010 (12)
0 0 0 1 -E, By, -—-B; 0 0 0 01
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and thus
0 -E, -E, —-E,
| Ex O B, -By
Fuw = E, -B, 0 B, (13)
E. B, -B; 0
1 2 1 0i i0 ij
L= _ZFMVF = _Z (F()Z‘F + FpoF* + EjF ) (14)
1 ‘ g
= 2F F% + 2 Z FyFi |, (15)
7>t
where we use the antisymmetric nature of F*¥ to realize that Fy, FY = FjoF*°. Thus
1
Lz—a(—Eg—Ej—E§+B§+B§+B§) (16)
1/ = .
=5 (182 -18P7). (17)

Question 3 (5 points).

Moore Problem 5.5
Solutions:

(a) Lines of constant u and w looks like this:

curves of constant u

AL LS
curv]f;s of"‘conl‘tant w

Figure 1: Lines of constant 4 and w in cartesian coordinates.
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(b) The metric in the primed (u,w) coordinates is

, oxt Oz¥

GaB = wwmm (18)

where 7, is the Minkowski metric. The inverse relation between the cartesian coordinates
and the (u,w) coordinates are

r=u, y =w + Asin (bu). (19)

Let’s work out each component separately.

ox\? oy 2
1o
Guu = <8u> Nex + <8U> Myy (20)
=14 A%b% cos? (bu) (21)
Oz Oz 0y Oy
o = Gow = oo+ o2 22
guw gwu 8” 6w77 au 6w77yy ( )
= Abcos (bu) (23)
o\ 2 oy 2
/ — JE— —_—
Jww = <8w> Nax + <6w> Myy (24)
—1 (25)

Thus, the metric in the (u,w) coordinate system is

;[ 1+ A%p?cos? (bu) Abcos (bu)
Jap = ( Ab cos (bu) 1 ' (26)
This metric is not diagonal.
(c) The transformation property for a vector is
81,104
o n
vo = 2%, (27)
with v* = v and v¥ = 0. We thus have
V" = gZUI = (28)
w 8“} x
v = —v¥ = —Abcos (bx)v = —Abv cos (bvt). (29)
x

(d) The inner product v - v should be the same the same in every frame. In the cartesian frame
it is of course v - v = v2. In the (u,w) frame, it is given by

/ / /
v-vzgaﬁvo‘vﬁ

(30)

= (V") + 200,00 + g1y (V) (31)
= (1 + A?b? cos? (bu))v* 4 2Abcos (bu)v(—Abv cos (but)) + (—Abvcos (bvt))?  (32)
= 0% 4 A%0%0? cos? (but) — 24%6%02 cos? (but) + A%b%0? cos? (but) (33)
(34)

:U7
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where we used u = x = vt. So, of course, the inner product v - v is the same in the (u,w)
frame. v'* is not a constant since the €(y) basis vector keeps changing direction as one moves
in the (z,y) plane, which should be apparent from Fig. Since the vector v is constant,
the component v has to keep changing to compensate for the fact that the €(,) basis vector
changes from point to point.

(e) Since v is a constant vector, then we must have @ = dv/dt = 0. This is obviously true in the
cartesian system. But we know that

dv'™ 9 9 .
el Ab v sin (but) # 0. (35)
So, if we were to write
2 dv'™ dv'™ dv'™
a= 7 €(u) + 7t e(w) = We(w) 75 0, (36)

we would get something nonzero, in contradiction with the fact that v is a constant vector. To resolve
this, we need to remember that e, is not a constant vector. This means that the acceleration is
really given by

a= i (v’“e(u) + ’Ulwe(w)) (37)
dv'™ wdew) — dv™ o V€ (w)
~ Tt CW a @ T Ty (38)
de dv/w
7] (u)
= 7t + i €(w)- (39>

Now, both of the terms in the last line are not zero. In fact, they are equal and opposite, resulting
in @ = 0 as it should. So indeed, dv" /dt is not the w-component of the acceleration.



