
PHYS 480/581
General Relativity

Homework Assignment 9 Solutions

Question 1 (6 points).

Consider the Friedmann-Robertson-Lemaitre-Walker metric given by

ds2 = −dt2 + a2(t)[dx2 + dy2 + dz2] (1)

where a(t) is a function of coordinate time to be determined.

(a) Assuming that the stress-energy tensor is dominated by vacuum energy,

Tµν = − Λ

8πG
gµν , (2)

use the Einstein equation to determine a(t).
Solutions:
We first have to work out the left-hand side of the Einstein equation involving the Ricci tensor
and scalar. Let’s start by computing the Christoffel connections. First, note that the only
nonvanishing derivative of metric given in Eq. (1) is

∂tgij = 2aȧδij , (3)

where i, j = 1, 2, 3 are purely spatial indices here, and ȧ = da/dt. Since the above metric is
diagonal, this means that the only nonzero Christoffel symbols will involve 2 spatial indices
and one time index. These are

Γtij =
1

2
gtα (∂igjα + ∂jgαi − ∂αgij)

=
1

2
gtt (−∂tgij)

= aȧδij , (4)

Γitj = Γijt =
1

2
giα (∂tgjα + ∂jgαt − ∂αgtj)

=
1

2
gik (∂tgjk)

=
δik

2a2
2aȧδjk

=
ȧ

a
δij . (5)

Now the Ricci tensor is given by

Rσν = Rµσµν = ∂µΓµνσ − ∂νΓµµσ + ΓµµλΓλνσ − ΓµνλΓλµσ. (6)
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Let’s consider each component separately,

Rtt = ∂µΓµtt − ∂tΓ
µ
µt + ΓµµλΓλtt − ΓµtλΓλµt

= −∂tΓiit − ΓktjΓ
j
kt

= −∂t
(
ȧ

a
δii

)
− ȧ

a
δkj
ȧ

a
δjk

= −3

(
ä

a
− ȧ2

a2

)
− 3

(
ȧ

a

)2

= −3
ä

a
, (7)

where we have used the fact that δii = 3 since this is the trace of the 3D Kronecker delta.
Also, δkj δ

j
k = δkk = 3.

Rti = ∂µΓµit − ∂iΓ
µ
µt + ΓµµλΓλit − ΓµiλΓλµt

= ΓjjkΓ
k
it − ΓkitΓ

t
kt − ΓkijΓ

j
kt

= 0, (8)

where we have noticed in the first line that only spatial derivatives of Christoffels appear,
which are always zero.

Rij = ∂µΓµji − ∂jΓ
µ
µi + ΓµµλΓλji − ΓµjλΓλµi

= ∂tΓ
t
ji + ΓkktΓ

t
ji − ΓkjtΓ

t
ki − ΓtjkΓ

k
ti

= ∂t(aȧδij) +
ȧ

a
δkkaȧδij −

ȧ

a
δkj aȧδik − aȧδjk

ȧ

a
δki

= δij
(
ȧ2 + aä

)
+ 3ȧ2δij − ȧ2δij − ȧ2δij

= δij
(
2ȧ2 + aä

)
. (9)

Finally, the Ricci scalar is

R = gµνRµν = gttRtt + gijRij

= −Rtt +
1

a2
δijRij

= 3
ä

a
+

1

a2
δijδij

(
2ȧ2 + aä

)
= 3

ä

a
+

3

a2

(
2ȧ2 + aä

)
= 6

[
ä

a
+

(
ȧ

a

)2
]
. (10)

Now, let’s focus on the tt term of the Einstein equation

Rtt −
1

2
Rgtt = −3

ä

a
+

1

2
6

[
ä

a
+

(
ȧ

a

)2
]

= 3

(
ȧ

a

)2

= 8πGTtt. (11)
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Now since Ttt = Λ/(8πG), the differential equation we are trying to solve is(
ȧ

a

)2

=
Λ

3
⇒ 1

a

da

dt
= ±

√
Λ

3
. (12)

Choose positive sign for definitiveness. Integrating on both sides leads to∫
da

a
=

√
Λ

3

∫
dt

ln a =

√
Λ

3
t+ C

a(t) = e
√

Λt/3+C

= a0e
√

Λt/3, (13)

where C is a constant of integration, and a0 = eC is the value of a(t) at t = 0. Let’s see what
the ij component of the Einstein equation tells us

Rij −
1

2
Rgij = δij

(
2ȧ2 + aä

)
− 1

2
a2δij6

[
ä

a
+

(
ȧ

a

)2
]

= −δij
(
2aä+ ȧ2

)
= 8πGTij

= −Λa2δij , (14)

which reduces to

2
ä

a
+

(
ȧ

a

)2

= Λ. (15)

Using Eq. (12) above, this can be written as

ä

a
=

Λ

3
. (16)

Our solution above also satisfies this equation, so we are done and a(t) = a0e
√

Λt/3.

(b) Now, assume instead that the stress-energy tensor is dominated by nonrelativistic matter with
zero pressure such that

Tµν =


ρm(t) 0 0 0

0 0 0 0
0 0 0 0
0 0 0 0

 , (17)

where ρm is the rest-frame energy density of the matter. Using the covariant conservation of
the stress-energy tensor ∇µTµν = 0, show that

ρm ∝ 1/a(t)3. (18)
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Solutions:
We have

∇µTµ0 = ∂µT
µ0 + ΓµµλT

λ0 + Γ0
µλT

µλ

= ∂0T
00 + Γµµ0T

00 + Γ0
µλT

µλ

= ∂0T
00 + Γii0T

00

=
∂ρm

∂t
+ δii

ȧ

a
ρm

=
∂ρm

∂t
+ 3

ȧ

a
ρm = 0, (19)

where we have used the fact tht T 00 = g0µg0νTµν = g00g00T00 = (−1)(−1)ρm = ρm. We thus
have

a
∂ρm

∂t
+ 3ȧρm = 0, ⇒ ∂

∂t

(
a3ρm

)
= 0. (20)

This means that a3ρm = constant, which implies that

ρm ∝ 1/a(t)3. (21)

(c) Using the solution given in Eq. (18), show that the Einstein equation implies that

a(t) ∝ t2/3, (22)

for a universe dominated by nonrelativistic matter.
Solutions:
Let’s write ρm(t) = ρ0/a

3(t), where ρ0 is a constant with units of mass density. Using the tt
component of the Einstein equation above, we have(

ȧ

a

)2

=
8πG

3
ρm(t) =

8πG

3

ρ0

a3
(23)

This can be written as

aȧ2 =
8πGρ0

3

√
a
da

dt
=

√
8πGρ0

3∫ √
ada =

∫ √
8πGρ0

3
dt

a3/2 =

√
8πGρ0

3
t,

(24)

where we’ve assumed that a(0) = 0 here. Taking the 2/3 power on both sides we get

a(t) =

(
8πGρ0

3

)1/3

t2/3, (25)

and indeed a(t) ∝ t2/3 for a matter-dominated universe.
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Question 2 (5 points).

Moore 23.6 a,c,d,e
Solutions:

• (a) We will use the Einstein equation in this form

Rµν = 8πG

(
Tµν −

1

2
Tgµν

)
. (26)

Since only T tt and T zz are nonzero, the trace of the stress-energy tensor is

T = Tµµ = T tt + T zz = −σ(r)− σ(r) = −2σ(r). (27)

Also, since the metric here is diagonal, we have

Ttt = gtαT
α
t = gttT

t
t = −(−σ(r)) = σ(r), (28)

and
Tzz = gzαT

α
z = gzzT

z
z = −σ(r), (29)

and all other Tµν = 0. This means that

8πG

(
Ttt −

1

2
Tgtt

)
= 8πG(σ(r)− 1

2
(−2σ(r))(−1)) = 0, (30)

which implies Rtt = 0. Also,

8πG

(
Tzz −

1

2
Tgzz

)
= 8πG

(
−σ(r)− 1

2
(−2σ(r))

)
= 0, (31)

which implies that Rzz = 0. So, we are left with

Rrr = 8πG

(
Trr −

1

2
Tgrr

)
= 8πG

(
−1

2
(−2σ(r))

)
= 8πGσ(r), (32)

and
Rφφ = 8πG

(
Tφφ −

1

2
Tgφφ

)
= 8πG(−1

2
(−2σ(r))f2) = 8πGf2σ(r). (33)

So, we indeed get that Rφφ = f2Rrr.

• (c) We need to compute Rrr as a function of the unknown function f . The only nonzero
derivative of the metric is

∂rgφφ = ∂rf
2 = 2f

df

dr
. (34)

Since the metric is diagonal, this means that the only nonvanishing Christoffel connections
involve 2 φ indices and one r index. These are

Γrφφ =
1

2
grα (∂φgφα + ∂φgαφ − ∂αgφφ)

= −1

2
grr∂rgφφ

= −1

2
2f
df

dr

= −f df
dr
, (35)
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and

Γφrφ = Γφφr =
1

2
gφα (∂rgφα + ∂φgαr − ∂αgrφ)

=
1

2
gφφ∂rgφφ

=
1

2f2
2f
df

dr

=
1

f

df

dr
. (36)

Now the rr component of the Ricci tensor is

Rrr = Rµrµr = ∂µΓµrr − ∂rΓµµr + ΓµµλΓλrr − ΓµrλΓλµr

= −∂rΓφφr − ΓφrφΓφφr

= −∂r
(

1

f

df

dr

)
−
(

1

f

df

dr

)2

=
1

f2

(
df

dr

)2

− 1

f

d2f

dr2
−
(

1

f

df

dr

)2

= − 1

f

d2f

dr2
. (37)

The rr component of the Einstein equation thus takes the form

d2f

dr2
= −8πGfσ. (38)

• (d) We can rewrite Eq. (38) as

d

dr

(
df

dr

)
= −8πGfσ. (39)

Integrating on both sides yields∫ r

0
dr′

d

dr′

(
df

dr′

)
= −8πG

∫ r

0
dr′f(r′)σ(r′) (r > rs)

df

dr′

∣∣∣
r′=r
− df

dr′

∣∣∣
r′=0

= −4G

∫ rs

0
dr′2πf(r′)σ(r′) since σ(r′ > rs) = 0

f ′(r)− 1 = −4Gµ since f ′(0) = 1 and µ ≡
∫ rs

0
dr2πσf

f ′(r) = 1− 4Gµ, for r > rs, (40)

where we have adopted the notation f ′(r) = df/dr.

• (e) Integrating Eq. (40) for r > rs, we get

f(r) = (1− 4Gµ)r +K, r > rs (41)
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where K is an integration constant. Now as quoted in part (d), we must have f(0) = 0. At
the edge of the string, the function f is

f(rs) = (1− 4Gµ)rs +K. (42)

If K was to be large, we would need to rapidly ramp up f(r) from 0 at r = 0 to a large
number at r = rs. This would require a large df/dr for r < rs. But, this is impossible since
df/dr is bounded as follows in this range

df

dr

∣∣∣
r

= 1− 4G

∫ r

0
dr′2πf(r′)σ(r′) ≥ 1− 4G

∫ rs

0
dr′2πf(r′)σ(r′) = 1− 4Gµ, (43)

where we have assumed that σ anf f are positive over this range. Since f ′(0) = 1, we have

1 ≥ f ′(r) ≥ 1− 4Gµ, for 0 ≤ r ≤ rs (44)

Thus f ′(r) ≤ 1 in this range, which means that f(rs) should be at most of order rs, which
means that K should at most also be of order rs. Thus, for r � rs, we can write

f(r) ≈ (1− 4Gµ)r. (45)

Then show that the circumference of a circle of radius R centered on the cosmic string and at
z = t = constant is smaller than 2πR. The spacetime geometry around a cosmic string is thus said
to have a deficit angle.
Solutions:
The circumference C of such as circle can be compute as follows

C =

∫
circle with t=z=const

√
ds2

=

∫
circle with t=z=const

√
−dt2 + dr2 + f2dφ2 + dz2

=

∫ √
f2dφ2

= (1− 4Gµ)R

∫ 2π

0
dφ

= (1− 4Gµ)2πR < 2πR. (46)


